This work investigates a general Lotka-Volterra type predator-prey model with nonlinear cross-diffusion effects representing the tendency of a predator to get closer to prey. Using the energy estimate method, Sobolev embedding theorems and the bootstrap arguments, the existence of global solutions is proved when the space dimension is less than 10.
Introduction
Consider the following predator-prey model with cross-diffusion effects:
where ⊂ R n (n ≥ 
(u).
In the model (), u and v represent the densities of the prey and predator respectively, the constants d, s and c refer to the predator death rate, the inter-specific competition coefficient and the conversion rate of the prey to the predator, and g(u) represents the growth rate of the prey in the absence of the predator. The function p(u, v) is called the functional response of the predator to the prey. The constants d  and d  are the diffusion rates of the prey and predator respectively, δ and α are referred to as self-diffusion pressures, and the term 
As to the stationary problem for (), there have been some works, for example, see [, , -] and references therein.
The paper is organized as follows. In Section , we present some known results and prove some preliminary results that are used in Section . In Section , we establish L pestimates for v. In Section , we establish L ∞ -estimates for v and give a proof of Theorem ..
Preliminaries
For the time-dependent solutions of (), the local existence is an immediate consequence of [-]. The results can be summarized as follows. 
be nonnegative functions. Then the system () has a unique nonnegative solution
(
ii) For any T > , there exist two positive constants C  (T) and C  (T) such that
Proof (i) Applying the maximum principle to (), we have the result (i).
(ii) Integrating the second equation of () over the domain and by (i) and (H), we have
In order to establish L p -estimates for solutions of (), we need the following result which n, , q, β and C T , such that
.
L p -estimates for v
Let t ∈ (, T], Q t = × (, t). In this section, C  , C  , . . . and M  , M  , . . . shall denote positive constants that may depend on , q, n, the coefficients in (), T (but not on t) and the following norms
Lemma . There exist positive constants C  and
Proof For any constant q > , multiplying the second equation of () by qv q- and using the integration by parts, we obtain
Integrating () from  to t, we have
The last term in () may be estimated by
Let r  =  and p  = r  /(r  -). Since /r  + / + /p  =  and ∇u is in L r  (Q T ), using the Hölder's inequality, we have
The substitution () and () into () leads to
for any ε > . By choosing a sufficiently small ε, such that C  ε < q(q -)αd  /(q + )  , we
where
So, from (), we have
For any q > , if
then, p  (q -)/(q + ) ≤ q = +q/[n(q + )]. Therefore, by the Hölder's inequality, we have where
Therefore, by (), Lemma . and the definition of E, the expression () yields
Then, by () and (), we have
Since
it follows from () that there exists a positive constant C  such that E ≤ C  . By () and () we get w ∈ L q (Q T ) which in turn implies that v ∈ L p (Q T ) with p = q(q + )/ for any q satisfying (). Now, looking at (), if n ≤ , we have Proof First, the equation of u can be written in the divergence form as By similar arguments as in the proof of Lemma .(iii), we see that
with r  := (n + )r  /(n +  -r  ). The latter case happens if and only if 
Repeating the above steps, we will get the sequence of numbers
We stop and get the conclusion that v ∈ L p (Q T ) for any p >  when
It is not hard to verify by inducting that r k > , k = , , . . . , and
Therefore, () must hold for some k. We stop at this k and conclude that v ∈ L p (Q T ) for any p > .
Notice that (n + )/ < (n + )/(n -) + for n < . Therefore, by Lemmas . and ., we know that v ∈ V  (Q T ) and L p (Q T ) for any p > . More precisely, there exists a positive constantM depending only on T, , the coefficients of () and initial conditions u  , v  , but not on t, such that v L ∞ (Q T ) ≤M for n < .
On the basis of the above results, we may demonstrate a proof of Theorem . analogous to that in the paper [] . When λ ≤ σ * , σ * = λ. When σ * < λ, repeating the above bootstrap arguments by making use of () and () in place of () and (), one can find that () and () are fulfilled with σ * replaced by λ.
In the case l =  or l ≥  the above arguments are also valid if we replace () by (). This completes the proof of Theorem ..
